Abstract. We derive slow-roll conditions for a scalar field which is non-minimally coupled with gravity in a consistent manner and express spectral indices of scalar/tensor perturbations in terms of the slow-roll parameters. The conformal invariance of the curvature perturbation is proved without linear approximations. Rapid-roll conditions are also derived, and the relation with the slow-roll conditions is discussed.
Introduction
In curved spacetime, a scalar field may generally couple to the scalar curvature so that the potential of φ has an additional term ξRφ 2 /2 [2, 1] . ξ = 1/6 corresponds to the conformal coupling: a massless scalar field is conformally invariant. Even if the scalar field is minimally coupled with the curvature at tree level, a non-minimal coupling is induced naturally by radiative corrections [3] . Moreover, in supergravity theories scalar fields typically have a curvature coupling from the Kähler potential. Furthermore, a warped brane inflation in string theory involves a non-minimally coupled scalar field [4] . Thus, a non-minimal coupling of the scalar field is well motivated from the theoretical point of view and has applications in cosmology (for example, Refs. [5, 6] ). Such a non-minimally coupled scalar field may also be interesting from the observational view point. Recent observations like the Wilkinson Microwave Anisotropy Probe (WMAP) 5 year results are sufficiently precise to constrain inflation models severely. For example, chaotic inflation with the quartic type of potential is excluded at more than 95 % confidence level [7] . ‡ One method to circumvent such a constraint is to add another source of fluctuations [9] . Another interesting method is to introduce the non-minimal coupling to the curvature, which can reduce the tensor to scalar ratio to negligible levels [10, 11] . Then, a non-minimally coupled chaotic inflation with a quartic type of potential is still viable. Thus, it is very useful to derive generalized slow-roll conditions for such a non-minimally coupled inflaton field and provide the formulae of the scalar/tensor spectral indices in terms the slow-roll parameters, as in the case of a minimally coupled inflaton. However, as far as we know, such slow-roll conditions have not been derived in a fully consistent manner. A non-minimal coupling also realizes nonslow-roll inflation. The coupling to the curvature like ξRφ 2 /2 leads to the additional mass squared m 2 ≃ 12ξH 2 so that the inflaton cannot slow-roll with ξ = O(1). However, in the case of the conformal coupling, it has recently been shown that the inflation takes place with the rapidly rolling inflaton [12] .
In this paper, we first define the slow-rolling of the scalar field in the Jordan frame and derive consistency conditions of it, which we call extended slow-roll conditions. We then apply these conditions to several examples. We also compute observational quantities (spectral indices of scalar/tensor perturbations and the ratio of tensor to scalar perturbation) and rewrite them in terms of these slow-roll parameters. Our formulas make it possible to calculate the observational quantities in either frame (Jordan or Einstein) using the functions appearing in the Lagrangian only. Next we define the rapid-rolling of the scalar field and derive rapid-roll conditions and discuss its relation with the slow-rolling of the scalar field and then provide several examples. In Appendix, we give several formulas in the Einstein frame which are useful for calculations in the text and also prove the conformal invariance of the curvature perturbation. ‡ Such a chaotic inflation is predicted as a simple realization of chaotic inflation in supergravity [8] .
Slow-Roll Inflation with a Non-minimally Coupled Scalar Field
In this section, we derive the extended slow-roll conditions of the scalar field which couples non-minimally to gravity and express scalar/tensor spectral indices in terms of these slow-roll parameters.
The action in the Jordan frame metric g µν is where in the second equation, we have assumed |Ḣ/H 2 | ≪ 1, which should be checked later. Note that if V ∝ Ω 2 , then V ef f is flat and V ′ ef f = 0 identically. In the following, we derive the consistency conditions for the extended slow-rolling of the scalar field (the extended slow-roll conditions). By computingφ from Eq. (11), we obtainφ
Moreover, from Eqs. (10) and (11) 
Hence, we finally introduce the following slow-roll parameters and obtain the extended slow-roll conditions:
where we have introduced a factor of 2 in the definition of ǫ so that it accords with the standard notation of the slow-roll parameters [14, 15] . A useful bookkeeping rule is that a term involving derivatives divided κ 2 is to be treated as a small quantity. The importance of the last condition Eq. (17) in the background dynamics of the scalar field has not been fully appreciated. § However, it is necessary for slow-roll inflation both in the Jordan frame and in the Einstein frame and is essential to relate these slow-roll parameters to the slow-roll parameters in the Einstein frame, which are discussed in Appendix A.
We also need to make sure that |φ| ≪ |V ′ | is satisfied in deriving Eq. (11) . From Eq. (11), we havë
Therefore, comparing Eqs. (16) and (12), |φ| ≪ |V ′ | is satisfied as long as
Note that since from Eq.
|Ḣ/H 2 | ≪ 1 is guaranteed by these conditions. To sum up, the extended slow-roll conditions consist of three main conditions Eqs. (15), (16) and (17) and one subsidiary condition Eq. (19).
Example: Chaotic Inflation with Non-Minimal Coupling
As an example of extended slow-roll inflation, we consider a non-minimally coupled scalar field for chaotic inflation with:
where ξ is a dimensionless coupling parameter and ξ = 1/6 corresponds to the conformal coupling.
For
while a subsidiary condition becomes
Therefore, for general n, |ξ| ≪ 1 are required for slow-roll, which coincides with the conditions derived in [1] . An exception is the case of the quartic potential n = 4. In this case from Eq. (11) for
and V ′ ef f becomes vanishingly small, which corresponds to the flat plateau in the Einstein frame found by Futamase and Maeda [1] . The slow-roll parameters are
Hence, for n = 4 the slow-roll conditions are automatically satisfied irrespective of ξ as long as ξ < 0, which again coincides with the results in [1] . On the other hand for
and
Hence |ξ| ≪ 1 and κ 2 φ 2 ≫ 1 are required for slow-roll for |ξ|κ 2 φ 2 ≪ 1, which again coincides with the conditions given in [1] .
Perturbations
In Appendix, it is shown that the gauge invariant curvature perturbation R is invariant under the conformal transformation into the Einstein frame. Then we can calculate the power spectrum P R (k) [16, 17, 11] ,
It is to be noted that the subsidiary condition is a sufficient condition for slow-roll and a necessary condition is that Eq. (19) multiplied by ǫ, η or δ is sufficiently small.
Jordan frame g µν Einstein frame g µν = Ωg µν slow-roll parameters ǫ, η, δ ǫ = ǫ, η = η − 3 2 δ scalar spectral index n S 1 − 6ǫ + 2η − 3δ 1 − 6 ǫ + 2 η tensor spectral index n T −2ǫ −2 ǫ tensor/scalar ratio r 16ǫ = −8n T 16 ǫ = −8 n T Table 1 . Slow-roll parameters and inflationary observables in Jordan/Einstein frame where k is a comoving wavenumber at the horizon exit (k = aH), the hatted variables are those in the Einstein frame and we have used Eqs.(A.5) and (A.14) and Eq. (A.15).
In the last equality we have assumed the slow-roll approximation. Using
to the first order in the slow-roll parameters, ¶ the spectral index of scalar perturbation is then given by
Moreover, using the relation Eqs.(A.11) and (A.12), we finally obtain the simple formula
which proves the invariance of the spectral index under the conformal transformation. Tensor perturbations are also invariant under the conformal transformation into the Einstein frame. Then we can calculate the tensor power spectrum P h (k)
where in the last equality the slow-roll approximation is assumed. Then the tensor spectral index is given by
which is also conformally invariant. The tensor to scalar ratio r is also calculated as
Again this is also conformally invariant. Therefore, the consistency relation for a single scalar field inflation
is conformally invariant [11] . These results are summarized in Table 1 . It should be noted that the invariance refers to the equality between the quantities calculated using V (φ) with g µν and those using V ( φ) with g µν , not
Therefore, the observational quantities calculated by V (φ) with non-minimal coupling are different from those by V (φ) with minimal coupling. To demonstrate this, as an example, we calculate n S , n T and r with Eq. (21). For |ξ|κ 2 φ 2 ≫ 1, from Eq. (22), they are calculated for n = 4 (note ξ < 0 and |ξ| ≪ 1)
Here we note that these are independent of the e-folding number. This feature can be easily understood by calculating them in the Einstein frame. From Eqs. (A.5) and (A.6), the canonical scalar fieldφ and the potentialV (φ) in the Einstein frame are given bŷ
where φ 0 is a constant field value which yields the origin ofφ andV 0 = λφ n−4 0 /(nξ 2 κ 4 ). Thus, the inflation becomes the power-law type with the exponential potential in the Einstein frame. In fact, the slow-roll parameters in the Einstein frame are given bŷ ǫ ≃ −(n − 4) 2 ξ/2 andη ≃ −(n − 4) 2 ξ, and inserting them into the formulas (28), (30) and (31) yields the same values as those calculated in the Jordan frame.
For n = 4 from Eq. (23), ǫ = −1/(8ξN 2 ), η = 1/2N and δ = 1/N, where N is the e-folding number until the end of inflation and is written for n = 4 as
so that
On the other hand, for a minimally coupled (F = 0) inflaton with the same potential, n S , n T and r are calculated in the standard manner [15] 
which clearly shows that both (Eq. (33) or Eq. (37) vs. Eq. (38)) are different. In particular, although the tensor-scalar ratio r for a minimally coupled inflaton is generally large r ≃ 0.13(n/2)(60/N) and it is so for a non-minimal coupling with n = 4, r ≃ 0.32((1 − n S )/0.04), for a non-minimally coupled inflaton with n = 4 it can be small, r ≃ 0.056(0.01/|ξ|)(60/N) 2 , due to the extreme flatness of the effective potential V ef f for n = 4.
Rapid-Roll Inflation
Rapid-roll inflation is a novel type of inflation with a non-minimal coupling in which inflation occurs even without slow-roll for the conformal coupling. In this section, we derive the conditions for rapid-roll inflation for a more general non-minimal coupling and discuss their relation with the slow-roll conditions. Firstly, we must define rapid-roll inflation. Rapid-roll inflation is a type of inflation without slow-roll of the scalar field. The motion of the scalar field is determined primarily by the curvature coupling rather than by potential term, so that the time scale of the motion is determined by the Hubble parameter rather than by the effective mass of the potential, so that |φ| ∼ Hφ. Nevertheless, as shown in [12] , for the conformal coupling, such a rapid motion of the scalar field does not affect the expansion rate of the universe and the universe inflates. In the following, we first derive necessary conditions of the coupling F (φ) for de Sitter expansion for constant V (φ) = V 0 , and then derive rapid-roll conditions for general V (φ). The equation of motions are given by
Then, by defining π ≡φ + 6HF ′ , this can be written as
Therefore, for constant V = V 0 if the following conditions are satisfied,
then from Eq. (42) π decays as π ∝ a −2 and thus from Eq. (41) H becomes constant: de Sitter expansion. The conditions Eq. (43) can be integrated to give
where v is a constant, which may be called a 'shifted conformal coupling'. Thus if the conditions Eq. (43) are satisfied, even if φ itself does not move slowly, inflation occurs, which is called rapid-roll inflation.
Rapid Roll Conditions
Next, we consider a general V (φ) and F (φ) and derive rapid-roll conditions in terms of V and F . We assume that the time scale ofπ is also determined by the Hubble scale, so thatπ ≃ cHπ and that the equations of motions are approximated by
where c is a proportionality constant at most of the order O(1) and will be explicitly given later which is not given in [12] . Note that the left hand side of Eq. (45) does not contain the conformal factor. Furthermore, for successful inflation, the variation of the Hubble parameter should be slow
In the following, we shall derive the consistency conditions for rapid-roll inflation following [12] . In Eq. (45), the first and the last terms of the right hand side in Eq. (41) are neglected. Since
this is consistent if
Moreover, from the time derivative of Eq. (46)
where we have assumed |Ḣ|/H 2 ≪ 1, which also should be checked. From the time derivative of Eq. (45)
Therefore assuming |Ḣ|/H 2 ≪ 1 is consistent if
To sum, the rapid roll conditions consist of three conditions Eqs. (49), (52) 
For F satisfying Eq. (43), using the rapid-roll conditions Eq. (49) and Eq.(54), it can be approximated as (note that this can also be derived by setting η c ≃ 0)
and for |c| ≪ 1 it reduces to
Hence |c| ≪ 1 requires
, together with the conditions Eq.(49) and Eq.(54), this implies that the rapid-roll conditions are reduced to the slow-roll conditions, which is also seen from |π| ≃ cH|π| ≪ H|π|. Thus the relation between rapid-roll and slow-roll is clarified: c = O(1) for rapid-roll; |c| ≪ 1 for slow-roll.
Example
As an example of rapid-roll inflation, we consider a scalar field with the conformal coupling F (φ) = φ 2 /12 and the potential
where v is the typical energy scale of inflation and m is the inflaton mass. This type of potential often appears in hybrid inflation (plus sign) or new inflation (minus sign). Firstly, we derive the rapid-roll conditions for this potential and then confirm the relatioṅ π ≃ cHπ by directly solving the equation of motion. The rapid-roll parameters are estimated as
Thus, π =φ + Hφ = (ω + H 0 )φ = (c + 1)H 0 φ, and so indeedπ = c(c + 1)H 2 0 φ = cH 0 π. Finally, we would like to point out that for the polynomial potential V (φ) ∝ φ n , which often appears in chaotic inflation, one of the rapid roll parameters δ c ≃ n/6 = O(1) violates the rapid-roll condition. Therefore, the rapid roll inflation does not occur for this type of potential.
Summary
In this paper, we have derived the slow-roll conditions for the scalar field non-minimally coupled to gravity in consistent manner, which was made possible by rewriting the equation of motion using the conformal factor Ω and by introducing the effective potential V ef f . The slow-roll conditions consist of three main conditions Eqs. (15), (16) and (17) and one subsidiary condition Eq. (19) . The third condition |δ| ≪ 1 (Eq. (17)) appears not to have been derived before in the context of the background dynamics of the scalar field. However, it is necessary for slow-roll inflation both in the Jordan frame and in the Einstein frame. These conditions enable us to relate the slow-roll parameters in the Jordan frame (ǫ, η, δ) to those in the Einstein frame ( ǫ, η), so that observational quantities can be calculated in either frame and the conformal invariance of them can be proved. We have also derived the rapid-roll conditions by slightly generalizing those in [12] . The rapid-roll conditions consist of three conditions Eqs. (49), (52) and (54). We also discussed the relation between rapid-roll and slow-roll.
Our formulae, Eqs. (25), (28), (29) and (30), allow us to calculate the observational quantities in either frame using the functions appearing in the Lagrangian only. Although we have shown the conformal invariance of the curvature perturbation beyond linear perturbation, the conformal invariance of the spectral indices of scalar/tensor perturbations is proved only in the first order in the slow-roll parameters. It would be interesting to extend the invariance to higher orders. frame. Perturbations in FRW metric are also given and the conformal invariance of the curvature perturbation is proved.
Introducing Ω(φ) = 1 − 2κ 2 F (φ), the action Eq. (1) is
Introducing the Einstein metric g µν by the conformal transformation g µν = Ω(φ)g µν , (A.2) the action becomes that of a scalar field minimally coupled to Einstein gravity 4) where in the second line we have introduced a canonical scalar field φ with a potential
From Eq. (A.2), tensor metric perturbations g ij = a 2 (δ ij + h ij ) are invariant under the conformal transformation [20] .
Finally, we note that the conformal invariance of the curvature perturbation is not limited to the linear perturbation and can be proved in fully non-linear theory along the line of [21] . In the (3+1)-decomposition of the metric [22] ζ is a conserved quantity because it is the curvature perturbation in the Einstein frame, which implies the conservation of ζ.
